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Optimal Income Taxation: An Example with a U-Shaped Pattern
of Optimal Marginal Tax Rates

By PETER A. DIAMOND *

Using the Mirrlees optimal income tax model with quasi-linear preferences, the
paper examines conditions for marginal tax rates to be rising at high income
levels and declining in an interval containing the modal skill. It examines con-
ditions for the marginal tax rate to be higher at a low skill level than at the high
skill level with the same density—an argument only holding for skill levels above
a cutoff where resources of a worker are marginally of the same value as re-
sources of the government. Data on earnings rates are presented. (JEL H21)

The trade-off between efficiency and income
distribution plays a central role in analyzing tax
policy.! The modern framework for analyzing
this trade-off using nonlinear income taxes was
created in James A. Mirrlees (1971). While
this formulation crystallized a presentation of
the income tax problem and derived some of
the properties of optimal income taxation, the
implications for policy have been somewhat
limited. For example, the Financial Times
(September 11, 1995 p. 24) has summarized
the policy impact of the optimal income tax lit-
erature as: ‘‘A few general principles none the
less gained the status of received wisdom, for
example that marginal tax rates should be con-
stant and modest over most of the income
range, but zero at the top and bottom.”” The
public finance community has recognized that
the results deriving zero marginal tax rates at
the top and the bottom of the income distribu-

* Department of Economics, Massachusetts Institute of
Technology, Cambridge, MA 02139. I am grateful to Jon
Gruber for suggesting the inclusion of data in this paper
and providing me with the figures presented below, and
to Marcus Berliant, Svetlana Danilkina, Jim Mirrlees,
Eytan Sheshinski, Jay Wilson, and anonymous reviewers
for helpful suggestions. I am also grateful to the National
Science Foundation for research support under Grant
SBR-9307876.

' If part of the population has potential income below
per capita government expenditures, then it is impossible
to finance government spending without some distorting
taxes. This paper assumes that concern for the income of
the poor is large enough that there is a positive transfer to
those with zero income.
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tion are of little or no relevance for policy. This
paper argues that the case for nonconstant and
high marginal tax rates in the Mirrlees model
is considerably stronger than has been realized.
The technical contribution of this paper is very
modest, being primarily a rearrangement of
terms in the standard first-order condition for
optimal income taxation. This rearrangement
leads to a different way of approaching the
combinations of assumptions that will sign the
change in marginal tax rates with income level.
In addition, by concentrating on the case where
there is a zero income derivative of labor sup-
ply, the intuition behind the first-order condi-
tion becomes clearer.

Section I reviews some of the previous lit-
erature. Section II presents the optimal income
tax problem. Section IIl examines conditions
for marginal tax rates to be rising at income
levels above the modal skill level. Section IV
examines the level of marginal tax rates on
very high incomes. Section V examines con-
ditions for the marginal tax rate to be declining
and to be higher at a skill level below the mo-
dal skill than at the skill level above the mode
with the same density of skills. These argu-
ments apply for skill levels above a cutoff
level, where resources are of the same value
in the hands of the government and in the
hands of a worker with the cutoff skill level.
Section VI considers another example. Section
VII looks at data on earnings rates to suggest
the relevance of alternative empirical assump-
tions on the distribution of skills. Some closing
remarks are in Section VIIIL.
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I. Review of the Literature

Formal results about the optimal income tax
are fairly limited. (For recent expositions, see
Matti Tuomala, 1990 Ch. 6 or Gareth D.
Myles, 1995 Ch. 5.) Assuming that labor sup-
ply can be continuously adjusted, there is no
gain from having marginal tax rates above 100
percent since no one will have such a tax at
the margin. That is, the same outcome can be
achieved with taxes no greater than 100 per-
cent. It is usually assumed that preferences are
such that consumption is an increasing func-
tion of the wage. Then, earnings will be non-
decreasing in skill. It then follows that the
optimal tax structure has nonnegative marginal
rates (Mirrlees, 1971) and positive rates in the
interior of the income distribution (Jesus K.
Seade, 1982).

Assuming that there is a finite maximum to
the skill distribution, the marginal tax rate
should be zero at the income level of the top
skill (Efraim Sadka, 1976; Seade, 1977). The
argument for this result is quite intuitive. As-
sume this were not the case, then, extending
the tax function to higher incomes with a zero
tax rate would lead the top earner to work
more, raising social welfare without losing
any tax revenue. However, this condition
need not convey information about optimal
taxes over any significant region of incomes—
the optimal rates need not approach zero until
very close to the top. This point has been
made by the numerical calculations in
Tuomala (1984).

At the bottom of the skill distribution, in the
presence of optimal taxes, there may or may
not be an atom of individuals doing no work.
If everyone works, then the argument for a
zero marginal tax rate carries over (Seade,
1977). However, if there is an atom of non-
workers, the optimal tax has a positive mar-
ginal tax rate at the level where earnings begin
(Udo Ebert, 1992). This latter case seems em-
pirically more relevant.

In addition to these analytical results, pre-
sentation of the first-order condition for opti-
mal taxes has generally been accompanied by
observations on the factors leading to high or
low rates, ceteris paribus. Considerable effort
has gone into simulations, starting with that by
Mirrlees. In his simulation Mirrlees assumed
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a utility function # = log[x] + log[l — y],
where x is consumption and y is labor supply
(in percentage terms), a social evaluation
G(u) = —exp(—bu)/b (b > 0), and a log-
normal distribution of skills. He concluded (p.
206) that ‘‘Perhaps the most striking feature
of the results is the closeness to linearity of the
tax schedules.”” As seen in the survey in
Tuomala (1990), similar results followed with
some other simulations, but some simulations
have shown other patterns, including a signif-
icantly inverse-U shaped pattern (e.g., Ravi
Kanbur and Tuomala, 1994). As will be clar-
ified below, simulation results are sensitive to
both the utility function and the family of dis-
tributions of skills assumed, opening up the
possibility of different conclusions.

II. Optimal Income Tax Problem

The Mirrlees optimal income tax problem is
the maximization of the integral over the pop-
ulation of a concave function of individual
utilities, subject to an aggregate budget con-
straint and subject to the constraint that indi-
viduals optimize in their choice of labor
supply given the relationship between work
and after-tax income. The only difference
across individuals in the model is a difference
in skills, with an individual of skill » having a
marginal product equal to n. The model is a
one-period model with only labor income. It
is assumed that the government can observe
income received but not hours worked or skill.
Denoting consumption of someone with skill
n by x(n), labor (in percentage terms) by
y(n), and the concave utility function by u(x,
y), the social objective function can be stated
as

) [ 6 lulxtny. ym1) feny dn,

ng

where G(u) is an increasing and strictly con-
cave function of utility, with G independent of
n, and the distribution of skills is written as
F(n), with density f(n). It is assumed that the
distribution of skills is single-peaked, with a
mode at n,,. The density is assumed to be pos-
itive and continuous between the bottom and
the top skill levels, ny and ;.
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The resource constraint on this maximi-
zation can be stated in terms of output—that
aggregate consumption be less than aggre-
gate production minus government expen-
ditures, E:

2) f ' x(n)f(n) dn

no

= le ny(n)f(n)dn — E.

no

This constraint can be stated alternatively in
terms of taxes. Denoting taxes as a function of
earnings as T[ny(n)], consumption equals the
difference between earnings and taxes, x(n) =
ny(n) — T[ny(n)]. In this case, the govern-
ment budget constraint is that taxes cover gov-
ernment expenditures:

(3) fIT[ny(n)]f(n) dn = E.

no

That the resource constraint can be stated
equivalently in terms of government budget
balance or in terms of aggregate supply and
demand is a consequence of Walras Law.

In addition to the resource constraint, there
is an incentive compatibility constraint. The
government observes earnings, not hours
worked or skill. Thus the government is re-
stricted to setting taxes as a function only of
earnings. The incentive compatibility con-
straint is that the selected labor supply, y(n),
maximizes utility, given the tax function,
u{ny(n) — T[ny(n)], y(n)}. The relevant
part of the tax function is just the part that is
selected by someone—taxes can be set arbi-
trarily high at earnings levels that no one
chooses with the optimal tax structure. Thus
the incentive compatibility constraint can be
stated in the familiar form that a worker with
skill » does not prefer to imitate the earnings
of a worker with a different skill level:

@) uf{ny(n) = Tlny(m)1,y(n) } =
u{n'y(n') = T[n'y(n")], n'y(n")/n }

forallnand n'.
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That is, someone of skill # would have to work
n'/n times as much as someone with skill n’
in order to have the same earnings level.

This paper will concentrate on the special
case where there are no income effects on la-
bor supply.” That is, it is assumed that utility
is linear in consumption (referred to as quasi-
linear):

(5) ux,y)=x+v(l-y)
=ny — T(ny) +v(1 —y),

where v is assumed to be strictly concave.?
This assumption seems appropriate at very
high income levels, since people at the top of
the income distribution are likely to leave large
estates—with a linear utility of bequests, nei-
ther consumption nor earnings vary with the
exact level of estate. (The receipt of such be-
quests is not part of the model.) In addition,
this assumption removes a source of consid-
erable complication in tax analysis. In the
presence of distorting taxes, income effects
imply that lump-sum taxes have efficiency ef-
fects since they change distorted labor supply
decisions.

This problem has some complexity in the
derivation of the first-order condition for an
optimal tax function, but is familiar from a
number of mechanism design problems.* The
simplest way to proceed is to replace the in-
centive compatibility conditions, (4), with the
first-order condition for individual choice,
which, from (5), can be written:

6) v[l-ym)]=n{1-T'[ny(n)]},

where T’ is the marginal tax rate. For later use,
it is convenient to note that for the quasi-linear
utility function the elasticity of labor supply

% For a discussion of this case with a constant elasticity
of labor supply, see Anthony B. Atkinson (1990). The
complementary case where utility is linear in leisure has
been studied; see Stefan Lollivier and Jean-Charles Rochet
(1983) and John A. Weymark (1987).

*1 assume that G'[v(1)] is infinite, so that someone
doing no work is given positive consumption and the non-
negativity constraint on consumption can be ignored.

* For an exposition of the mechanism design problem,
see Drew Fudenberg and Jean Tirole, 1991 Ch. 7.



86 THE AMERICAN ECONOMIC REVIEW

evaluated at the chosen labor supply of a
worker of skill #, e(n), satisfies

(7) e(n)=-v'[1~-y(n)]
+ {y(n)"1 —y(n)]}.

Since the wage equals the skill level, this is the
elasticity with respect to the wage, evaluated
at the labor supply level that is chosen by
someone with skill .

More complicated than deriving the first-order
condition is the problem of checking when the
first-order condition does indeed characterize an
optimum. The complication comes from the
need to check that individual labor supplies sat-
isfying the first-order conditions are globally op-
timal choices, and not just the solution to a
first-order condition. This problem arises since
the budget set is not convex when marginal tax
rates are declining over some income levels. For
any particular economy, one can check whether
individual labor supplies are optimal. This issue
raises the possibility that with the optimal tax,
the distribution of skills results in a distribution
of incomes that either has bunching at some in-
come level (an atom of workers choosing the
same income level) or a gap in the distribution
of incomes. (Bunching at zero income or a gap
between zero and the lowest positive income are
not issues for the interpretation of the optimal
tax structure below.) I do not explore this issue
for this particular class of preferences, but pro-
ceed with analysis of the first-order condition;
the analysis holds where the equilibrium distri-
bution of incomes has no bunching and no gap,
since generically the equation is a necessary con-
dition for the optimal tax where this is true.

The first-order condition for the optimal tax
can be calculated by specializing the condition
in Mirrlees (1971) for quasi-linear preferences
or deriving it directly, as is done in the Ap-
pendix. As usually written, the condition is:

8)  pr—v)f

=[(' —yv")/n]

x[f:[(p-G')dF],
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where p is the Lagrange multiplier on the gov-
ernment’s budget constraint and the functions
v and G are evaluated at the appropriate labor
supplies and consumption levels.

It is convenient to use the elasticity of labor
supply and the marginal condition for individ-
ual choice, (6), to rewrite (8) as

o) 17'/(1-T")

=[(e” '+ 1)/n]

x [f'(p—c')dF]/[pfl.

Multiplying and dividing (9) by (1 — F) to
turn the integral into an average term, (9) can
be rewritten as:

(10) T'/(1=T') =A(n)B(n)C(n)

where A(n) = e~ '(n) + 1;
B(n) =f (p—G"drFl{p[l - F(n)1};

C(ny =[1-F(n)/Inf(n)].

The analysis below examines these three func-
tions, A(n), B(n), and C(n), under alterna-
tive assumptions on the functions e(n), f(n)
and G(u).

The absence of income effects allows an in-
tuitive grasp of the factors that determine the
optimal tax structure. Increasing the marginal
tax rate affecting some skill level involves an
increase in the deadweight burden for people
at this skill level. Thus, the optimal marginal
tax rate at some income level depends on the
elasticity of labor supply at that income level,
since this is important for marginal distortions.
Increasing the marginal tax rate also transfers
income from all individuals with higher skills
to the government, without changing the dis-
tortions of their labor supplies. The weights on
these two elements depend on the ratio of in-
dividuals with skills above this level to indi-
viduals with skills at this level and on the level
of skill which links the tax on hours to the tax
on income. This intuition is displayed in equa-
tion (10), where the first-order condition for
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the optimal income tax is written as a product
of these three terms.

The same approach to signing the change in
marginal tax rates can be used with the as-
sumption of additive preferences, u,, = 0,
without the further assumption of quasi-linear
preferences. The mathematical conditions for
signing the change in the marginal tax rate are
similar, although the economic interpretation
of the conditions is more complex. A(n) no
longer depends only on the compensated elas-
ticity of labor supply, but also has a term
involving the second derivative of the utility-
of-consumption, which is no longer assumed
to be zero. Thus different economic assump-
tions are needed to sign the mathematical
expressions.

III. Increasing Marginal Tax Rates

I turn now to analysis of (10), the first-order
condition for the optimal income tax in the
presence of quasi-linear preferences. In gen-
eral, the variation in the elasticity of labor sup-
ply with skill will depend on the tax function,
since taxes will affect the level of labor sup-
plied and the elasticity varies with the quantity
of labor supplied. One obvious exception,
making for simpler analysis, is that of a con-
stant elasticity of labor supply. In this case the
utility of leisure satisfies v(1 — y) = c{1 —
[1 —(1—=y]1*} =c(1 — y*) for some con-
stants ¢ and k.

LEMMA A: Ifv(1 —y)=c{1 [l — (1 —
14} = c(1 — y*), then A(n) is a constant.

With quasi-linear preferences, a uniform
transfer from the government to all workers
has no effect on labor supply, and so no extra
impact on the government budget. The welfare
impact of such a transfer is the average of G’
over the entire population. Thus one can con-
clude that the Lagrangian on the government
budget constraint, p, is equal to the average of
G':

(11) p=f'G'(n)f(n)dn.

Thus, B(ny) is equal to zero.
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Given the incentive compatibility con-
straint, utility must be nondecreasing in skill
and increasing where earnings are positive,
since a worker can always have the same con-
sumption as a worker with lower skill while
doing less work, provided the level of work is
positive. That is, above the skills at which
there is no work, utility is increasing in n. With
G a concave function, G’ is then decreasing in
n. Since B(n) is the average of [p — G'] from
the level n to the top of the skill distribution,
B(n) is increasing in n.°

Since p is equal to the average of G’ and G’
is nonincreasing, there is a critical value of n,
denoted n, at which G’ is equal to p:

(12) G'lu(nc)] =p.

If nc occurs at a level of skill where there is
positive work, then n is unique; otherwise n¢
is set equal to the highest skill at which there
is no work. The level of n. is endogenous,
varying with both the structure of the economy
and the nature of the social welfare function.
To simplify the statement of results, analysis
is restricted to economies where this critical
level is below the modal level of skill:
(13) ne < n,.
This seems like the more interesting case, as-
suming that the mode of skills is near the me-
dian and the government would like to
redistribute toward a fraction of the labor force
well below one-half.

I note that [1 — F(n)]B(n) is increasing in
n up to nc and then decreasing in 7. These
results are summarized as:

LEMMA B: B(n) is increasing in n. [1 —
F(n)]1B(n) decreases in n for n > nc.

I turn now to the shape of the distribution
of skills. Given the assumption of a single-

® Formally, differentiating B(#n), the derivative has the
same sign as the average of (p — G') from » to n, minus
the value [p — G'(n)]. Since G' is decreasing in n, this
difference is positive.



88 THE AMERICAN ECONOMIC REVIEW

peaked density of skills, nC(n) is decreasing
in n for n below the modal level, n,,. For values
of n above the modal level, the shape of C(n)
depends on the family of distributions as-
sumed for skills. With a Pareto distribution
above the modal skill level, (i.e., the density
is proportional to 1/n'*“ for a > 0), then C(n)
is a constant above the modal skill level.

LEMMA C: For n < n,,, nC(n) is decreas-
ing inn. Forn > n,,, C(n) is constant if F(n)
is the Pareto distribution above n,,.

One can now put these lemmas together to
identify sufficient conditions for marginal tax
rates to be increasing with income for incomes
above the modal level. Where all three of
A(n), B(n), and C(n) are nondecreasing and
at least one is increasing, then marginal tax
rates are increasing.

PROPOSITION 1: Marginal tax rates are in-
creasing above the modal skill if, above this
skill, the elasticity of labor supply is constant
and the distribution of skills is Pareto.

With the conditions in Proposition 1, A(n) and
C(n) are constants, sothat T'/(1 — T'') varies
with n as B(n) varies with n. With B(n) in-
creasing, so too is T''. The result carries over
if the elasticity of labor supply falls with skill
at the equilibrium labor supplies. Similarly, it
is sufficient to have a distribution of skills such
that [1 — F(n)]/[nf(n)] is increasing. More-
over, the result of rising tax rates will hold for
part of the skill distribution (above the mode)
if the conditions are met for that part; one does
not need conditions on the entire distribution.

IV. Asymptotic Marginal Tax Rates

With a known finite top to the distribution
of skills, the optimal marginal tax rate is zero
at the top of the income distribution. As noted
in the review of the literature and is clear
from the argument behind Proposition 1, this
need not imply that rates approach zero until
very close to the top. Thus it is natural to con-
sider the case of an unbounded distribution of
skills and to consider the behavior of the op-
timal marginal tax rate as skills rise without
limit.
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In addition to assumptions on the distribu-
tion of skills and the elasticity of labor supply,
the shape of the social welfare of individual
utility, G(u), needs to be examined. One pos-
sibility is that the marginal welfare weight of
consumption of those at the top tends to zero
as skill rises without limit®. For example, this
is the case in the example in Mirrlees (1971)
where G = —exp(—bu)/b (b > 0) and u =
alog(x) + log(1 — y). Similarly, it is the case
in Martin Feldstein’s (1985) study of social
security, where G = u and u = log(x). If G’
goes to zero as n rises without limit, then B(n)
goes to 1. Alternatively, one might assume that
G’ has a positive lower bound which is ap-
proached as n rises without limit. For example,
Atkinson (1990) considers the case of a
‘‘charitable Conservative’’ position, where the
marginal welfare weight of consumption takes
on two values—a high one for ‘poor’’ people
and a low one for ‘‘nonpoor’’ people. I denote
by g the ratio of the lower bound on G’ to the
Lagrangian on the government budget con-
straint, which is equal to the average of G’ in
the entire population. Thus, B(n) converges to
1 — g as skill rises without limit.

Assuming a constant elasticity of labor sup-
ply, e, and a Pareto distribution for skills
above the mode with coefficient a, so that
C(n) equals 1/a, (10) becomes
(14) T'/(1—=T")=(e '+ 1)B(n)/a.
Solving for 7' and taking the limit as » rises,
one has:

PROPOSITION 2: Assuming a Pareto distri-
bution of skills above the modal skill and a
constant elasticity of labor supply, as skill
rises without limit the optimal tax rate con-
verges to

(15) T'=(e'"+1)(1—-g)

~la+ (e '+ DA -g)].

®In this case, the tax rate tends to the revenue-
maximizing rate, since, in the limit, the only effect of taxes
on welfare is through the budget constraint.
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TABLE 1—ASYMPTOTIC MARGINAL TAX RATES
g=0 g =025 g=05
a= 0.5 1.5 5.0 0.5 1.5 5.0 0.5 1.5 5.0
e
0.2 92 80 55 90 75 47 86 67 38
0.5 86 67 38 82 60 31 75 50 23

Notes: Asymptotic marginal tax rates, in percent, with a constant elasticity of labor supply, e, a Pareto distribution of
skills with parameter a, and a ratio of social marginal utility with infinite income to average social marginal utility of g.

To examine the implications for the taxation
of very high earners, values need to be selected
fora, e, and g. Identifying skill with the wage
yields an elasticity based on adjusting hours of
labor supply; identifying skill with an under-
lying ability suggests a larger elasticity since
education is also variable. With a zero income
effect, compensated and ordinary labor supply
elasticities are the same. Presumably it is the
compensated elasticity that one would want to
use for illustrative purposes. Recognizing that
I am seeking an elasticity for high earners,
looking at the elasticity for prime-age males
provides an approximation. Based on the sur-
vey by John Pencavel (1986), calculations are
done for a range of elasticities from 0.2 to 0.5.
A range of g from 0 to 0.5 seems very wide.
For the coefficient of the Pareto distribution,
using tax data Daniel R. Feenberg and James
M. Poterba (1993) find a varying between 0.5
and 1.5 over the years 1951-1990 for the in-
comes of the top 0.5 percent of the population.
The calculations reported below suggest the
possibility of a considerably higher value for
the distribution of skills, perhaps as large as 5.
Values of the asymptotic marginal tax rate
[ from (15)] are shown in Table 1. Thus I con-
clude that there is a case for high marginal tax
rates in the quasi-linear Mirrlees model with
plausible empirical parameters.

V. Decreasing Marginal Tax Rates

In considering decreasing marginal tax
rates, I consider only the levels of skills above
ne, the level at which G’ equals p. At skill
levels above nc, it would be desirable to trans-
fer resources away from this skill level (if it

could be done costlessly). It is now conve-
nient to work with equation (9), which I
rewrite

9 T'/(1-T"
=[e” ' + 1][an (p — G’)dF]

+ [pnf(n)].

As noted in Lemma B, at skill levels above n,
the integral in (9) is decreasing with skill. Be-
low the mode, the density is rising and so 1/
[nf(n)] is falling with skill. Thus with a con-
stant or rising elasticity of labor supply, the
marginal tax rate is declining with skill. This
argument also goes through above the mode
where nf(n) is rising with skill. This is sum-
marized in:

PROPOSITION 3: Above the critical skill
level, nc, marginal tax rates are decreasing
where the elasticity of labor supply is constant
and the distribution of skills has nf (n) rising
with skill.

While one would expect nf(n) to be increas-
ing in n just above the modal skill, empirically,
this seems unlikely at high skills, as is indi-
cated in the data discussed below.

One can also use (9) to compare tax rates
at two income levels above n., on either side
of the modal skill and such that the density is
equal at the two points. With G’ less than p at
the lower of the two skill levels being com-
pared, the marginal tax rate would be higher
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at the lower income level with a constant or
rising elasticity of labor supply. This is sum-
marized in:

PROPOSITION 4: Above the critical skill
level, nq, marginal tax rates are higher at the
lower of two skill levels that have the same
density and the same the elasticity of labor
supply at the chosen labor supplies.

Combining results, one can see the pattern
of tax rates when the density of skills is single-
peaked (and such that the workers with the
modal skill work and have G’ less than p in
equilibrium). With a constant elasticity of la-
bor supply and the Pareto distribution of skills
where the density is falling, the pattern of mar-
ginal tax rates is U-shaped above n., with the
minimum of marginal rates occurring at the
modal skill. Moreover, marginal rates are
higher at the lower income levels. Plausibly,
the density of skills does not have a kink at the
mode, but changes smoothly from rising to de-
clining as a Pareto density. Then, with the con-
ditions in Proposition 3 the minimum of the
tax rate (over the range above n¢) occurs
above the modal skill. It is worth reiterating
that the range with declining marginal rates
need not begin at zero earned income.

VI. Another Example

The assumption of a constant elasticity of
labor supply relates the optimal tax to a fa-
miliar concept in the analysis of deadweight
burdens. By moving the term “‘rn’’ from C(n)
to A(n), one finds another example with sim-
ilar conclusions. Consider the logarithmic
case, v(l — y) = log(1l — y). In this case, the
elasticity of labor supply is equal to (1 — y)/
y. Thus one has:

LEMMA A’: Ifv(1l —y) =log(1l — y), then
An)=n(l1-T").

If, above the modal skill level, the distri-
bution is the exponential distribution, then
nC(n) is a constant.

LEMMA C’: Forn < n,,, nC(n) is decreas-
inginn. Forn > n,,,nC(n)is constant if F(n)
is the exponential distribution above n,,.
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I can now put together Lemmas A’, B, and
C’'.

PROPOSITION 1': Marginal tax rates are
increasing above the modal skill if, above this
skill, the utility-of-leisure is logarithmic and
the distribution of skills is exponential.

For Proposition 1’, it is noted that T'/(1 —
T')? varies with n as B(n) does. With B(n)
increasing, so too is T’. As above, from the
arguments that led to Proposition 1’, one can
see that the result carries over if, at the equi-
librium labor supplies, the elasticity of labor
supply falls with skill more than in the stated
condition. Similarly, it is sufficient to have a
distribution of skills such that [1 — F(n)]/
f(n) rises. Moreover, the result of rising tax
rates will hold for part of the skill distribution
(above the mode) if the conditions are met for
that part; one does not need conditions on the
entire distribution.

For the case just analyzed, the asymptotic
marginal rate is calculated. With a logarithmic
utility-of-leisure function and an exponential
distribution of skills (above the mode) with
coefficient b, (10) becomes:

(16) T'/(1—T")?>=B(n)(1 - F)If

= B(n)/b.
Solving for T’ and taking the limit, one has:

PROPOSITION 2': Assuming an exponen-
tial distribution of skills above the modal skill
with parameter b and logarithmic utility-of-
leisure, as skill rises without limit the optimal
tax rate converges to

(17) T'=1-[(b"?+4b")"> = b']/2,

where b’ = b/(1 — g).

For g equal to 0 and (1 — F)/f, thatis, 1/
b, of 5, 10, and 15 (see Figures 1 and 2), the
optimal marginal tax rate tends to 64, 73, and
77 percent. For g equal to 0.5 and the same
values of 1/b, the optimal marginal tax rate
tends to 54, 64, and 70 percent.

Similarly, one can examine conditions for
declining marginal tax rates with the log-
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arithmic utility-of-leisure. In this case, (9)
becomes:

(18) T'/(1-T')

- [f (p—G’)dFJ/[pf].

From Lemma B, it can be concluded that the
tax rate is declining above n. and below the
mode.

PROPOSITION 3': Between the critical skill
level, nc, and the mode, n,,, marginal tax rates
are decreasing if the utility-of-leisure is
logarithmic.

Similarly, from (18) one can conclude:

PROPOSITION 4': Above the critical skill
level, n., marginal tax rates are higher at the
lower of two skill levels that have the same
density if the utility-of-leisure is logarithmic.

VII. Data on the Distribution of Skills

While a careful attempt to fit this model to
available data is beyond the scope of this pa-

per, it does seem interesting to examine the
distribution of wages. For this purpose, cal-
culations have been done using the March
1992 CPS. This survey asked individuals for
annual earnings in 1991, as well as weeks
worked and typical hours per week. From
these numbers one can calculate an implied
average wage.” Using these wages, calcula-
tions were made of the mean wage per cell;
the number of observations per cell, adjusted
by interval width in order to be proportional
to the density; and the number of observations
with higher wages. Approximately 17 percent
of the sample report wages below $1 or no
work and are omitted. In order to have reason-
able cell sizes, the wage intervals are first
$0.50, but are expanded above a wage of $26.
As expected, a smoothing of the data would
show a single-peaked distribution, as assumed
in the analysis above. In Figure 1 is shown the
ratios (1 — F)/fand (1 — F)/(nf), where n
is measured as the wage relative to the mean
wage. Because the series are very noisy, the
graph is a centered three-cell moving average.

7No attempt was made to consider both earners in a
two-earner family or wages of single females.
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For readability, the lowest wages are dropped
from the graph since the ratios are very large.
The figure shows sharply falling values of
(1 — F)/fthrough the range where the density
is first rising and then roughly flat, that is, up
to a wage of roughly $13, a little below the
mean of $13.70. Beyond this point (1 — F)/f
is roughly constant at a value around 15. This
implies a downward trend in (1 — F)/(nf). A
constant value of (1 — F)/fis consistent with
an exponential distribution over this range of
values.

With a longer time horizon than one year,
one would consider education to be an endog-
enous variable somewhat responsive to tax in-
centives. One might also be interested in the
distribution of skills within a cohort. Thus a
further calculation was done by regressing the
log of the wage on education, age, and age
squared, and plotting the exponentiated resid-
uals. In Figure 2 are the same curves for this
distribution as shown in Figure 1 for the dis-
tribution of wages (except that a moving av-
erage was not used). This distribution shows
a fatter tail than the distribution of wages, with
(1 — F)/frising and (1 — F)/(nf) roughly
constant for the top 15 percent of the skill dis-

tribution. A constant value of (1 — F)/(nf) is
consistent with a Pareto distribution over this
range of values.

VIII. Concluding Remarks

The absence of income effects allows an in-
tuitive grasp of the factors that determine the
optimal tax structure. Increasing the marginal
tax rate affecting some skill level involves an
increase in the deadweight burden for people
at this skill level. Thus, the optimal marginal
tax rate at some income level depends on the
elasticity of labor supply at that income level,
since this is important for marginal distortions.
Increasing the marginal tax rate also transfers
income from all individuals with higher skills
to the government, without changing the dis-
tortions of their labor supplies. The weights on
these two elements depend on the ratio of in-
dividuals with skills above this level to indi-
viduals with skills at this level and on the level
of skill which links the tax on hours to the tax
on income. This intuition is displayed in the
equations above, where the first-order condi-
tion for the optimal income tax is written with
a product of these three terms.
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The rewriting of the first-order condition
also highlights the critical role of the assumed
family of distributions for the upper tail of
skills, as opposed to just the value of the pa-
rameters. With the Pareto distribution, (1 —
F)/(nf) is a constant and the change in the
marginal tax rate reflects the rate of decline in
social marginal utility of income as well as the
change in labor supply elasticity with skill.
With the exponential distribution, (1 — F)/
(nf) declines at the rate 1/n. Thus either the
elasticity of labor supply or the social marginal
utility of income needs to be falling suffi-
ciently rapidly to have constant or rising mar-
ginal tax rates. In the simulations in Mirrlees
(1971), it was assumed that the distribution of
skills was lognormal, so that (1 — F)/(nf)
declines at the rate 1/log(n). Presumably the
relatively constant marginal tax rate in the
those simulations would have had a different
shape with a different assumed family of dis-
tributions. Exploration of the shape of this dis-
tribution is clearly important for the normative
case for different degrees of income tax
progressivity.

There is not a simple route between the
Mirrlees model and policy implications for an-
nual income taxes levied repeatedly on fami-
lies and covering both capital and labor
incomes. The assumption of a zero income
elasticity of labor supply and the limited in-
formation on both the shape of the skill distri-
bution and the pattern of elasticities of labor
supply by skill level would limit inferences
even if there were a simple route. Nevertheless
there are some lessons from the analysis. The
sharp fall in (1 — F)/f as skills approach the
mode of the skill distribution from below
seems highly relevant, especially if one wants
to redistribute from people near the mode,
rather than to them. This finding on the shape
of an optimal (negative ) income tax seems rel-
evant in thinking about the phaseout of the
earned income tax credit, and, possibly, wel-
fare reform. That is, labor supply depends on
the net return to earnings, which, in turn, de-
pends on both the income tax and the phaseout
of income-tested benefits. The presence of
high marginal tax rates in the region of phase-
out of benefits is not necessarily a basis for
criticism of the programs—the optimal pro-
gram may well have such a shape because of
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the advantage of higher marginal rates over a
shorter range of skills where the skill density
is large and rising. In other words, a sizable
implicit marginal tax rate where benefits are
being phased out is consistent with the U-
shaped pattern of marginal rates and may well
be optimal.

Second, this model confirms the implication
of Mirrlees’ calculations that the optimality of
a zero tax rate at the highest income level is
not a finding that sheds much light on optimal
taxes, especially in the absence of knowledge
of exactly where the top is. That is, if one re-
placed an unbounded distribution of skills by
a bounded one with the same distribution up
to some level and a concentration of skills at
the highest levels, the result of rising marginal
tax rates continues to hold until the concentra-
tion at the top is reached. There is no need for
tax rates to decline slowly toward zero as one
approaches the absolute top of the skill
distribution.

Third, the sensitivity of the pattern of mar-
ginal rates to the measure of skill seems rele-
vant, although different formulations of
“‘skill’”” will be associated with different esti-
mates of the elasticities of labor supply as well
as different estimates of the shape of the dis-
tribution of skills. This analysis emphasizes
the importance of the shape of the distribution
of skills for optimal tax rates.

APPENDIX : HEURISTIC DERIVATION OF THE
OprTiIMAL TAX FIRST-ORDER CONDITION

Using just the first-order condition for la-
bor supply for the quasi-linear utility func-
tion as a constraint, the optimal tax problem
is

(A1) Maxf "G{ulx(n),y(n)]} f(n)dn,

subject to: Jml x(n)f(n)dn

0

= fﬂl ny(n)f(n)dn—FE;

0

v[1=y(m)] =n(1-T'[ny(n)]).
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With x(n) = ny(n) — T[ny(n)], and using
the first-order condition for labor supply, the
change in consumption with skill satisfies:
(A2) x'(n)=y(m)(1 -T")
+n(1 =T")y'(n)
= [y(n) + ny'(n)Jv'/n.

With the quasi-linear utility function, one can
calculate the derivative of u with respect to n:

(A3) u'(n)=x"(n)—v'y'(n)
= y(n)v'/n.
Treating u(n) as a state variable and y(n) as

a control variable, the optimal tax problem can
be rewritten as

(A4) Max fnl Glu(n)] f(n) dn,
subject to:

[ tuem =1 = ym 1) fny dn

= J‘”I ny(n)f(n) dn — E;

u'(n) = y(m)'[1 = y(n)1/n.
Forming a Hamiltonian for this expression,
(A5) H={Glu(n)] - plu(n)

—u[1 = y(m)] = ny(n)1}
X f(n) + h(n)y(n)
X v'[1 = y(n)]/n,
where p and h(n) are multipliers. The deriv-

ative of 4 is equal to minus the partial deriv-
ative of the Hamiltonian with respect to u:

(A6) h'(n)=—-{G'Tu(n)] —p} f(n).
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Maximizing the Hamiltonian with respect to
y(n),

(A7) —p{n—v'[1=y(n)]}f(n)
=h(n) {v'[1-y(n)]
—y(n)v"[1—y(n)] }/n.

Recognizing that 4 (n,) is equal to zero, (A6)
can be integrated from #n to n, to have an ex-
pression for A(n). Substituting in (A7), one
then has the first-order condition in the text,

(8).
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